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Abstract
Motivated by the work of Prajapati et al. [1], here we study some
explicit form of the generalized Laguerre polynomials L
(α,β)⌊
n
q
⌋ (z), when
q = 1.
Key words and phrases: Gamma function, Laguerre polynomials,
generalized Laguerre polynomials.
1 Introduction
In [1], for α, β ∈ C with Re(β) > −1 and m, q ∈ N := {1, 2, . . . } the
polynomial
L
(α,β)
⌊nq ⌋
(z) =
Γ(αn+ β + 1)
Γ(n+ 1)
⌊nq ⌋∑
k=0
(−n)(qk)
Γ(αk + β + 1)
zk
k!
(1)
1
is introduced and studied, where ⌊n/q⌋ denotes the integral part of n/q and
(γ)(n) = Γ(γ+n)/Γ(γ) (n ≥ 0) denotes the rising factorial. When q = α = 1,
L
(β)
n (z) = L
(1,β)
n (z) is the generalized Laguerre polynomial ([2]).
The closed form of L
(α,β)
⌊nq ⌋
(z) is also given as follows.
Proposition 1. If α is a positive integer,
L
(α,β)
⌊nq ⌋
(z) =
⌊nq ⌋∑
j=0
(−1)j
(
αn+ β
α(n− j)
)(
α(n− j)
)
!
(n− qj)!
zj
j!
.
Remark. When q = α = 1, we have the closed form of the generalized
Laguerre polynomials:
L(β)n (z) =
n∑
j=0
(−1)j
(
n+ β
n− j
)
zj
j!
([2, (112.3)]).
The recurrence relation for q = 1 can be given as follows.
Theorem 1. For n ≥ 3,
L(α,β)n (z) = −
z
n
L
(α,β)
n−1 (z) +
n∑
m=1
(−1)m−1
(
α(n− 1) + β
)
(m−1)α
Cn,mL
(α,β)
n−m(z) ,
where
Cn,m = Cn,m(α, β) :=
1
m!n
m∑
j=0
(−1)j
(
m
j
)
(n− j)
(
α(n− j) + β
)
α
and (γ)n := Γ(γ + 1)/Γ(γ − n + 1) (n ≥ 0) denotes the falling factorial.
Remark. When α = 1, Cn,1 =
2n−1+β
n
, Cn,2 =
n−1+β
n
and Cn,m = 0 (m ≥ 3).
Then, as well-known, the three-term recurrence relation for the generalized
Laguerre polynomials is given by
L(1,β)n (z) =
(2n− 1 + β − z)L
(1,β)
n−1 (z)− (n− 1 + β)L
(1,β)
n−2 (z)
n
([2, 114.4]).
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Proof of Theorem 1. By Theorem 1,
−
z
n
L
(α,β)
n−1 (z) +
n∑
m=1
(−1)m−1
(
α(n− 1) + β
)
(m−1)α
Cn,mL
(α,β)
n−m(z)
= −
z
n
n−1∑
j=0
(−1)j
Γ(α(n− 1) + β + 1)
Γ(αj + β + 1)Γ(n− j)
zj
j!
+
n∑
m=1
(−1)m−1
Γ(α(n− 1) + β + 1)
α(n−m) + β + 1
Cn,m
×
n−m∑
j=0
(−1)j
Γ(α(n−m) + β + 1)
Γ(αj + β + 1)Γ(n− j −m+ 1)
zj
j!
=
1
n
n∑
j=1
(−1)j
Γ(α(n− 1) + β + 1)
Γ(α(j − 1) + β + 1)Γ(n− j + 1)
zj
(j − 1)!
+
n−1∑
j=0
(−1)jzj
j!
n−j∑
m=1
(−1)m−1Γ(α(n− 1) + β + 1)Cn,m
Γ(αj + β + 1)Γ(n− j −m+ 1)
.
Since
n−j∑
m=1
(−1)m−1Cn,m
Γ(n− j −m+ 1)
=
Γ(αn+ β + 1)
Γ(α(n− 1) + β + 1)Γ(n− j + 1)
+
1
n
n−j∑
l=0
(−1)l(n− l)
Γ(α(n− l) + β + 1)
Γ(α(n− l − 1) + β + 1)
n−j∑
m=l
(
m
l
)
(−1)m−1
m!Γ(n− j −m+ 1)
=
Γ(αn+ β + 1)
Γ(α(n− 1) + β + 1)Γ(n− j + 1)
+
(−1)njΓ(αj + β + 1)
nΓ(α(j − 1) + β + 1)(n− j)!
,
we have
−
z
n
L
(α,β)
n−1 (z) +
n∑
m=1
(−1)m−1
(
α(n− 1) + β
)
(m−1)α
Cn,mL
(α,β)
n−m(z)
=
n∑
j=1
(−1)jΓ(α(n− 1) + β + 1)
Γ(α(j − 1) + β + 1)
zj
n(n− j)!(j − 1)!
3
−n−1∑
j=1
(−1)jΓ(α(n− 1) + β + 1)
Γ(α(j − 1) + β + 1)
zj
n(n− j)!(j − 1)!
+
n−1∑
j=0
(−1)jΓ(αn+ β + 1)
Γ(αj + β + 1)
zj
n(n− j)!j!
=
n∑
j=0
(−1)jΓ(αn+ β + 1)
Γ(αj + β + 1)
zj
(n− j)!j!
= L(α,β)n (z) .
We have an expression of L
(α,β)
n (z) in terms of determinant.
Theorem 2. For n ≥ 1,
L(α,β)n (z) =
∣∣∣∣∣∣∣∣∣∣∣∣
Bn,1 −
z
n
1 0 · · · 0
Bn,2 Bn−1,1 −
z
n−1
1
...
Bn,3 Bn−1,2
. . . 0
...
... B2,1 −
z
2
1
Bn,n Bn−1,n−1 · · · B2,2 B1,1 − z
∣∣∣∣∣∣∣∣∣∣∣∣
,
where Bn,m = (α(n− 1) + β)(m−1)α Cn,m (n ≥ m ≥ 1). In particular, when
α = 1,
L(1,β)n (z) =
∣∣∣∣∣∣∣∣∣∣∣∣
Bn,1 −
z
n
1 0 · · · 0
Bn,2 Bn−1,1 −
z
n−1
1
...
0 Bn−1,2
. . . 0
...
. . . B2,1 −
z
2
1
0 · · · 0 B2,2 B1,1 − z
∣∣∣∣∣∣∣∣∣∣∣∣
.
Proof. The proof is done by induction on n. For n = 1, it is easy to see that
L1 = −zL0 +B1,1L0 = B1,1 − z .
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Assume that the result holds up to n − 1. Then, by repeatedly expanding
the determinant along the first row, the right-hand side is equal to
(
Bn,1 −
z
n
)
∣∣∣∣∣∣∣∣∣∣∣∣
Bn−1,1 −
z
n−1
1 0 · · · 0
Bn−1,2 Bn−2,1 −
z
n−2
1
...
Bn−1,3 Bn−2,2
. . . 0
...
... B2,1 −
z
2
1
Bn−1,n−1 Bn−2,n−2 · · · B2,2 B1,1 − z
∣∣∣∣∣∣∣∣∣∣∣∣
+
∣∣∣∣∣∣∣∣∣∣∣∣
Bn,2 1 0 · · · 0
Bn,3 Bn−2,1 −
z
n−2
1
...
Bn,4 Bn−2,2
. . . 1 0
...
... B2,1 −
z
2
1
Bn,n Bn−2,n−2 · · · B2,2 B1,1 − z
∣∣∣∣∣∣∣∣∣∣∣∣
=
(
Bn,1 −
z
n
)
Ln−1 − Bn,2Ln−1
+
∣∣∣∣∣∣∣∣∣∣∣∣
Bn,3 1 0 · · · 0
Bn,4 Bn−3,1 −
z
n−3
1
...
Bn,5 Bn−3,2
. . . 0
...
... B2,1 −
z
2
1
Bn,n Bn−3,n−3 · · · B2,2 B1,1 − z
∣∣∣∣∣∣∣∣∣∣∣∣
=
(
Bn,1 −
z
n
)
Ln−1 − Bn,2Ln−1 +Bn,3Ln−3 − · · ·+
∣∣∣∣ Bn,n−1 1Bn,n Bn − z
∣∣∣∣
=
(
Bn,1 −
z
n
)
Ln−1 − Bn,2Ln−1 +Bn,3Ln−3 − · · ·
+ (−1)nBn,n−1L1 + (−1)
n+1Bn,n
= Ln .
The last part depends on the recurrence relation in Theorem 1.
When α = 1, by Cn,m = 0 (m ≥ 3) we know that Bn,m = 0 (n ≥ 3).
From Theorem 2 with the recurrence relation in Theorem 1, we have
another explicit form of the polynomial L
(α,β)
n (z).
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Theorem 3. For n ≥ 1,
L(α,β)n (z) =
n∑
k=1
(−1)n−k
∑
t1+···+tk=n
t1,...,tk≥1
a
(t1)
0 a
(t2)
t1
a
(t3)
t1+t2 · · ·a
(tk)
t1+···+tk−1
,
where
a
(ℓ)
j = Bℓ+j,ℓ −
z
j + 1
δℓ,1 (1 ≤ ℓ ≤ n− j; j = 0, 1, . . . , n− 2)
and δℓ,1 = 1 (ℓ = 1); 0 (ℓ 6= 1).
Proof. In general, we shall prove that
Ln : =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a
(1)
0 1 0
a
(2)
0 a
(1)
1 1
a
(3)
0 a
(2)
1 a
(1)
2
. . .
...
... 1 0
a
(n−1)
0 a
(n−2)
1
. . . a
(1)
n−2 1
a
(n)
0 a
(n−1)
1 a
(n−2)
2 · · · a
(2)
n−2 a
(1)
n−1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
n∑
k=1
(−1)n−k
∑
t1+···+tk=n
t1,...,tk≥1
a
(t1)
0 a
(t2)
t1
a
(t3)
t1+t2 · · · a
(tk)
t1+···+tk−1
(n ≥ 1) (2)
with L0 = 1. The assertion (2) is clear for n = 1, 2 because L1 = a
(1)
0 and
L2 = −a
(2)
0 + a
(1)
0 a
(1)
1 . Assume that the assertion (2) is valid up to n − 1.
In a similar method to Theorem 2 together with Theorem 1, expanding the
right-hand side of the determinant of (2) along the last column repeatedly,
we have
Ln = a
(1)
n−1Ln−1 − a
(2)
n−2Ln−2 + a
(3)
n−3Ln−3 − · · ·+ (−1)
na
(n−1)
1 + (−1)
n+1a
(n)
0 L0
=
n−1∑
k=1
(−1)n−k−1
∑
t1+···+tk=n−1
a
(t1)
0 a
(t2)
t1
a
(t3)
t1+t2 · · · a
(tk)
t1+···+tk−1
a
(1)
n−1
−
n−2∑
k=1
(−1)n−k
∑
t1+···+tk=n−2
a
(t1)
0 a
(t2)
t1
a
(t3)
t1+t2 · · · a
(tk)
t1+···+tk−1
a
(2)
n−2
6
+n−1∑
k=1
(−1)n−k−1
∑
t1+···+tk=n−3
a
(t1)
0 a
(t2)
t1
a
(t3)
t1+t2 · · · a
(tk)
t1+···+tk−1
a
(3)
n−3
− · · ·
+ (−1)n
1∑
k=1
(−1)k−1
∑
t1+···+tk=1
a
(t1)
0 a
(t2)
t1
a
(t3)
t1+t2 · · ·a
(tk)
t1+···+tk−1
a
(n−1)
1
+ (−1)n+1a
(n)
0
=
n−1∑
k=1
(−1)n−k−1
∑
t1+···+tk=n−1
a
(t1)
0 a
(t2)
t1
a
(t3)
t1+t2 · · · a
(tk)
t1+···+tk−1
a
(tk+1)
t1+···+tk
(t1 + · · ·+ tk = n− 1, tk+1 = 1)
−
n−2∑
k=1
(−1)n−k
∑
t1+···+tk=n−2
a
(t1)
0 a
(t2)
t1
a
(t3)
t1+t2 · · · a
(tk)
t1+···+tk−1
a
(tk+1)
t1+···+tk
(t1 + · · ·+ tk = n− 2, tk+1 = 2)
+
n−1∑
k=1
(−1)n−k−1
∑
t1+···+tk=n−3
a
(t1)
0 a
(t2)
t1
a
(t3)
t1+t2 · · · a
(tk)
t1+···+tk−1
a
(tk+1)
t1+···+tk
(t1 + · · ·+ tk = n− 3, tk+1 = 3)
− · · ·
+ (−1)n
1∑
k=1
(−1)k−1
∑
t1+···+tk=1
a
(t1)
0 a
(t2)
t1
a
(t3)
t1+t2 · · ·a
(tk)
t1+···+tk−1
a
(tk+1)
t1+···+tk
(t1 + · · ·+ tk = 1, tk+1 = n− 1)
+ (−1)n+1a
(n)
0
=
n∑
k=1
(−1)n−k
∑
t1+···+tk=n
t1,...,tk≥1
a
(t1)
0 a
(t2)
t1
a
(t3)
t1+t2 · · · a
(tk)
t1+···+tk−1
.
(k → k − 1)
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